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Abstract
In this work, the banded behaviour of composite one-dimensional structures
with an additive manufactured stiffener is examined. A finite element method
is used to calculate the stiffness, mass and damping matrices, and periodic struc-
ture theory is used to obtain the wave propagation of one-dimensional structures.
A multi-disciplinary design optimisation scheme is developed to achieve optimal
banded behaviour and structural characteristics of the structures under investi-
gation. Having acquired the optimal solution of the case study, a representative
specimen is manufactured using a carbon fibre cured plate and additive man-
ufactured nylon-based material structure. Experimental measurements of the
dynamic performance of the hybrid composite structure are conducted using a
laser vibrometer and electrodynamic shaker setup to validate the finite element
model.
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Nomenclature
βi design parameters
f force vector
q physical displacement vector
R transformation matrix
η loss factor
λi eigenvalue corresponding to
frequency fi
I identity matrix
M, K and C mass, stiffness and
damping matrices of the unit
cell
m, k and c local mass, stiffness and
damping matrices of the in-
dividual finite elements
p design parameter vector
x right eigenvector
F(p) objective cost function
ω angular frequency
ρ mass density
εx propagation constants in the
x direction
ai, bi, ci, di design cost coefficients
b g band gap
b gm f band gap mid-point fre-
quency
b s stiffener’s bending stiffness
E, Ex, Ey, Ez Young’s moduli
fi frequency
Gxy Gxz Gyz shear moduli
kx wavenumbers in the x direc-
tion
Lx length of the unit cell
ltop length of the top of the stiff-
ener
m mass
t time
tst stiffener’s thickness
vxy vxz vyz Poisson’s ratios
1. Introduction
Noise and vibration transmission within payload and passenger compart-
ments is a major issue for modern transport vehicles. To ensure the quality
of their products, manufacturers in the transport industry are simultaneously
2
trying to optimise the mechanical and the vibroacoustic performance of struc-5
tural assemblies. It has been demonstrated that judiciously designed periodic
structures can induce vibration attenuation and stop-band behaviour in specific
frequency ranges (so-called band gaps or stop bands).
Floquet [1] was the first to publish on periodic structures, in which the
one-dimensional (1D) Mathieu’s equations were studied to predict band gap be-10
haviour. Floquets work was followed by that of Rayleigh [2], who developed a
similar form to Floquet’s theorem. During the twentieth century, Mead [3, 4],
Mace et al. [5] and Langley and Cotoni et al. [6, 7] produced mathematical tools
based on Brillouin’s periodic structure theory (PST) [8]. Using these methods,
researchers have the ability to predict the vibroacoustic and dynamic perfor-15
mance of several applications in relatively short times. Application examples
are presented with composite panels and shells [9, 10], structures with pres-
surised shells [11], and complex periodic structures [12, 13, 14, 15]. Hussein et
al. [16] produced an extensive review of developments in band gap technology.
There are two major mechanisms that have been identified to generate band20
gap behaviour in periodic structures: Bragg scattering and local resonance.
Bragg scattering is observed when a structure exhibits periodic impedance mis-
matches and the waves are scattered at the borders of the unit-cell (the part of
the structure that is periodically repeated). This scattering can be caused by
means of inclusions, and geometrical or material inconsistencies, and leads to the25
interaction of the reflected waves with the incoming waves. When specific cir-
cumstances are met, this interaction causes the partial or complete annihilation
of wave propagation [16, 17]. It can easily be shown that the frequency at which
the band gap is observed depends on the length and the material/geometrical
mismatch of the unit cell of the periodic structure. This leads to the need30
for prohibitively large dimensions to achieve low frequency band gaps. There-
fore, researchers’ focus was shifted to local resonance [18], where a solid core
material with relatively high density is usually preferred, suppressed by an elas-
tically soft material. When this sub-wavelength inclusion/addition resonates, it
exhibits behaviour that cancels the propagation of waves, giving rise to effective35
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negative elastic constants or group velocities at certain frequency ranges which
are significantly lower than those observed in Bragg scattering. Liu et al. [19]
examined the transition between the two band gap production mechanisms and
there has been research on coupling of the two mechanisms [20, 21]. In this work
an optimisation method is developed capable of examining both band gap pro-40
duction mechanisms, and the Bragg scattering mechanism is observed in case
study geometry to demonstrate its application.
Structures that exhibit band gap behaviour tend to be of significantly com-
plex geometry and cannot be realised using conventional manufacturing tech-
niques. Therefore, additive manufacturing (AM) technologies attract an in-45
creasing number of researchers [22]. AM eliminates several design limitations
and is currently in extensive use in research and industry for small-scale pro-
duction with a wide variety of manufacturing operations. AM researchers take
advantage of the freedom in design that can be attained with relatively low
cost, by avoiding the manufacturing cost of additional tools. Matlack et al.50
[21] examined the broadband vibration absorption of AM meta-structures ex-
hibiting local resonance, while Qureshi et al. [23] modelled and manufactured a
cantilever-in-mass metamaterial to achieve wave attenuation. Claeys et al. [24]
examined, both numerically and experimentally, several versions of a vibroa-
coustic metamaterial with local resonance and compared the two sets of results,55
while Warmuth et al. [25] used AM methods to manufacture a 3D single phase
phononic band gap material with cellular design exhibiting a wide stop band
at high frequencies. Bilal et al. [26] experimentally observed the trampoline
phenomenon on the band gap behaviour of AM metamaterial plates. The wide
variety of designs that can be produced using AM methods has led to the oppor-60
tunity for researchers to examine 3D band gaps in complex structures [27, 28].
This wide use of AM has led researchers to examine the effect of the property
variability of AM on the experimental results [29, 30], where a better agree-
ment was obtained between analysis and experimental results by considering
uncertainties in the resonators and the host structure.65
Efficient and accurate optimisation schemes are essential when determining
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design solutions and researchers use several methods. The optimal design of
an Euler-Bernoulli simple band gap beam, made of linearly elastic material,
has been recently examined [31], where the author used a bound optimisation
method which optimised the gap between natural frequencies. Hussein et al.70
[32, 33, 34] optimised the band gap behaviour of periodic layered structures,
where methods to achieve band gap behaviour within specific frequencies were
developed. More specifically, Hussein et al. employed a multi-objective genetic
algorithm that generates a population of possible solutions and searches for
the optimum one. This method was tailored so that several objectives were75
examined, such as the percentage of the band gaps in specific frequencies, low
frequency band gaps and control of the speed of energy propagation in the struc-
ture. Jensen and Sigmund [35] optimised the band gap behaviour of phononic
structures using topology methods. Langley et al. [7] used a quasi-Newton al-
gorithm with 30 random-start runs to obtain the optimal vibration absorption80
of the structure, while Wormser et al. [27] optimised the phononic band gap
behaviour of cellular structure using gradient based methods. To the authors’
knowledge, all the optimisation methods for phononic band gap behaviour focus
solely on the band gap tailoring itself.
The novelty of the work presented in this paper is:85
• An optimal design of a band gap structure is obtained, so that it serves
both as a stiffener and band gap production mechanism, constituting a
structural part.
• The optimal design of the structure is obtained by applying a developed
computationally efficient unit cell based optimisation scheme.90
• The developed multi-disciplinary design optimisation scheme uses scalar-
isation for simultaneous mass and vibration minimisation and static stiff-
ness maximisation. Several starting points are used and parametric anal-
ysis is completed to evaluate the optimal solution.
More specifically, the multi-disciplinary optimisation of vibration attenuation95
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through band gap and static structural performance of a 1D composite structure
with powder bed fusion of polyamide 12 (PA12) material additions is examined.
The structure is modelled using finite element (FE) method and PST is used
for predicting its wave propagation characteristics. A constrained non-linear
optimisation method is used for the optimal geometric characteristics to be100
acquired. The optimal solution is realised using a powder bed fusion (laser
sintering) method and is tested using a laser vibrometer and electrodynamic
shaker setup to validate the FE model.
The paper is organised as follows: in Section 2, the FE and optimisation
method are presented. In Section 3, the examined case is presented, along with105
the results of the analysis. In Section 4, the FE analysis of the case study
and the experimental methodology is described and the results are discussed.
Finally, in Section 5, the conclusions of the work are drawn.
2. Methodology
2.1. Periodic structure theory110
Figure 1: Several schemes of periodic structures.
The PST used in this work is presented in detail elsewhere [6]. A generic
structure with 1D periodicity is considered. A unit cell is extracted from the
structure (see Fig. 1) and its behaviour modelled with the FE method. A
steady-state free harmonic vibration of frequency ω is considered in what follows
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and all response quantities are represented by complex amplitudes, so that
q(t) = qeiωt , (1)
where t is time and the degrees of freedom q can be partitioned into interior
Figure 2: The employed FE model for investigation of 1D wave propagation.
(I), left (L) and right (R) (see Fig. 2). According to Floquet’s theorem, the
equation that relates the displacements on the sides of the modelled unit cell is
the following [3]:
qR = e
−iεxqL, (2)
where the term εx = kxLx is referred to as ’phase constant’, Lx is the periodic
element’s length in the x direction and kx is the wavenumber. The complete
vector of the local degrees of freedom can be ordered
q =
[
qTI q
T
L q
T
R
]T
. (3)
The equation of motion for the cell including damping [36] is given by[
K+ iωC− ω2M
]
q = f, (4)
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where K, M and C are the stiffness, mass and damping matrices respectively
and f is the vector of the nodal forces. Eq. (4) can be used when proportional
damping is available [37], where damping is expressed as a linear combination
of the mass and stiffness matrices, that is,
C = α1M+ α2K, (5)
where α1 and α2 are real scalars. In the case of structural damping [9, 36], the
equation of motion becomes[
K+ iC− ω2M
]
q = f, (6)
and the structural damping matrix C is given by
C =
ne∑
i=1
Kiηi, (7)
where ne is the number of the FEs of the unit cell, Ki is the stiffness matrix of
the ith element and ηi is the loss factor of the corresponding element. Eq. (6)
can be written as [
K(1 + iη)− ω2M
]
q = f. (8)
In this work, we do not focus on the accuracy of the model of damping, since
the main aim of the wave propagation analysis is to examine the existence of the
band gap. In order to write the propagation relation in Eq. (1) in matrix form,
we consider transformation matrix R, which is given in the following equation:
q =

I 0
0 I
0 Ie−iεx
x = Rx. (9)
In this way, we get
q = Rq′, (10)
where
q′ = x =
[
qI qL
]T
. (11)
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In the absence of external forces (free wave propagation), we have
RHf = 0, (12)
where RH denotes the complex conjugate (Hermitian) transpose of R. The
resulting homogenous equations in the reduced set of degrees of freedom are
then given by [
K′ + iωC′ − ω2M′
]
q = 0, (13)
and [
K′(1 + iη)− ω2M′
]
q′ = 0, (14)
where
K′ = RH(εx)KR(εx), M′ = RH(εx)MR(εx), C′ = RH(εx)CR(εx). (15)
When a set of phase constants εx is specified, we get a quadratic eigenvalue
problem for Eq. (13), the solution method of which is described elsewhere [38].
Eq. (14) gives a standard eigenvalue problem with eigenvalues λ = ω2 indicating
the frequencies at which a wave can propagate in the structure when a given
phase is specified between the edges of the cell. It is noted that in this work, only115
the real part of the eigenvalues is examined since the target of the examination
is the band gap behaviour.
2.2. Optimisation
The optimisation method (see Fig. 3) that is employed to calculate the
optimal structure design is described below. The set of parameters can be
expressed as
p = {β1, β2, . . . , βn} , (16)
where n is the number of parameters examined. The design values may be
considered to be constrained (e.g. βi ∈ [βi,min, βi,max]). The considered variables
are the mass m, the bending stiffness b s, the band gap’s width b g and the mid-
point frequency of the band gap b gm f (aiming for band gaps at frequencies as
low as possible) of the stiffened plate. Examples of parameters βi would be any
9
Figure 3: Flow chart of the optimisation method.
geometrical characteristic of the stiffener or the plate itself, such as thickness,
that affects the considered variables. The objective function for the specific
structure is
F (p) =a3 ×m3 + a2 ×m2 + a1 ×m+ a0 + b3 × b s3 + b2 × b s2 + b1 × b s+ b0
+ c3 × b g3 + c2 × b g2 + c1 × b g + c0 + d3 × b g3m f + d2 × b g2m f+
d1 × b gm f + d0,
(17)
where ai, bi, ci and di are the coefficients given by the design cost functions. Ad-
justing these coefficients, the designers are given the ability to apply polynomial
curves to available cost data forming the cost functions of the optimisation, as
can be seen in the next section (see Fig. 5). Additionally, this type of objective
function renders its differentiability and the calculation of its partial gradients
efficient. Higher order polynomial or exponential fitting functions may be ap-
plied without loss of accuracy. The gradient of F (p) can, therefore, be computed
as
∇F (p) =
{
∂F (p)
∂βi
}T
. (18)
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By definition, we have b g = f2 − f1, b gm f = f1+f22 and fi = ωi2pi , λi = ω2i ,
where f1 and f2 are the frequencies at the lower and upper bound of the band
gap. Thus,
∂b g
∂βi
=
∂f2
∂βi
− ∂f1
∂βi
=
1
2pi
∂ω2
∂βi
− 1
2pi
∂ω1
∂βi
=
1
2pi
(
∂
√
λ2
∂βi
− ∂
√
λ1
∂βi
)
, (19)
∂b gm f
∂βi
=
1
2
(
∂f1
∂βi
+
∂f2
∂βi
)
=
1
4pi
(
∂ω1
∂βi
+
∂ω2
∂βi
)
=
1
4pi
(
∂
√
λ1
∂βi
+
∂
√
λ2
∂βi
)
. (20)
Taking advantage of the chain rule of differentiation, we get:
∂
√
λi
∂βi
=
∂
√
λi
∂λi
∂λi
∂βi
=
1
2
√
λi
∂λi
∂βi
, (21)
where the partial derivatives of the eigenvalues are calculated based on the
following techniques, given elsewhere [39, 40]:
∂λi
∂βi
=
−xT
(
λ2i
∂M
∂βi
+ λi
∂C
∂βi
+ ∂K∂βi
)
x
xT (2λiM+C)x
, (22)
where x = q′ =
[
qI qL
]T
is the eigenvector. In this work, the partial derivatives
of K, M and C are calculated considering a perturbation of 0.1% of the exam-
ined parameter βi, a percentage that was the result of a convergence analysis.
Thus, we have:
∂K
∂βi
=
Kp −K0
βi,p − βi,0 ,
∂M
∂βi
=
Mp −M0
βi,p − βi,0 ,
∂C
∂βi
=
Cp −C0
βi,p − βi,0 , (23)
where Kp, Mp and Cp are the perturbed stiffness, mass and damping matrices,
βi,p is the perturbed considered parameter and βi,0 the unperturbed parameter.
The mass, stiffness and damping matrices M, K and C of the unit cell can
also be formed by assembling the local mass, stiffness and damping matrices
of individual FEs, which can be calculated analytically [41]. It is, therefore,
evident that when the expressions of the partial derivatives for every local mass,
stiffness and damping matrix ∂m∂βi ,
∂k
∂βi
and ∂c∂βi are known, then the expressions
for the global matrices ∂M∂βi ,
∂K
∂βi
and ∂C∂βi can be derived simply by assembling
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the expressions of the local matrices together. Therefore, we have:
∂λi
∂βi
=
−xT
(
λ2iR
H ∂M
∂βi
R+ λiR
H ∂C
∂βi
R+RH ∂K∂βiR
)
x
xT (2λiRHMR+RHCR)x
. (24)
The calculation of ∂b s∂βi ,
∂m
∂βi
depends on the geometric and material properties
of the case study for which the optimisation method is applied. A constrained120
nonlinear interior point optimisation algorithm using Newton’s method [42] is
employed to compute the optimal parameter vector p that minimises F (p).
It should be noted that the optimisation used in this work leads to results
in significantly shorter times compared to those that examine the whole finite
periodic structure, since it only needs the unit cell’s wave propagation char-125
acteristics. Furthermore, the adaptability of the optimisation method allows
the examination of both types of band gap mechanism (Bragg scattering and
local resonance). On the other hand, when boundary conditions are applied to
the structure PST fails to include their effects on the dynamic and stop band
behaviour.130
3. Case study
The band gap behaviour of a thin composite beam with AM stiffener is examined
and optimised using the scheme described in section 2.2. In this case, the Bragg
scattering mechanism is targeted and the absolute band gap is examined. A
thin plate of carbon fibre is used as a substrate structure and the stiffener is135
manufactured using the powder bed fusion method and PA12 material with an
EOS Formiga P100 machine. The stiffener is cemented to the plate using a two-
part epoxy adhesive (Permabond ET500). The parameters that are examined
are the thickness of the stiffener tst and the length of the top of the wedge-like
shape of the stiffener ltop (see Table 1 and Fig. 4). The mechanical properties of140
the materials are given in Table 2. Structural damping of both materials (loss
factor η) is modelled. Since the host structure’s characteristics are constant,
only the stiffeners’ design variables m and b s are investigated.
12
Figure 4: Schema of periodic beam and unit cell.
Table 1: Case study optimisation variables and parameters.
Optimised variables Parameters
Mass, m Length of the top side, ltop
Bending stiffness, b s Thickness of the stiffener, tst
Band gap’s width, b g
Band gap’s mid-point frequency, b gm f
3.1. Numerical results
The examined parameters are constrained such that ltop ∈ [0.005 m, 0.025 m]
and tst ∈ [0.005 m, 0.020 m]. In Appendix A, the calculations of ∂b s∂βi , ∂m∂βi are
given. The FE model of the unit cell consists of 468 8-node hexahedral elements
(144 of which are used to model the carbon fibre strip and 324 the stiffener). The
design cost functions employed to inform the relationship between b g, b gm f ,m
and b s and the induced design cost, are shown in Fig. 5. The cost functions
are based on the aim of a lightweight structural design with a wide band gap at
low frequencies. The bending stiffness cost curve is chosen bearing in mind that
while large values of stiffness are desired, values that are too high may contradict
13
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Figure 5: Cost functions used in the optimisation method.
Table 2: Material properties
Cured Carbon Fibre PA12
ρ = 1 870 kg/m3 ρ = 900 kg/m3
Ex = 40 GPa E = 1 600 MPa
Ey = 40 GPa ν = 0.3
Ez = 5 GPa η = 4%
νxy = 0.4
νyz = 0.4
νxz = 0.25
Gxy = 1.2 GPa
Gyz = 1.2 GPa
Gxz = 3.6 GPa
η = 1%
the aims of the final design of the structure. Nevertheless, it should be noted
that the main aim of this work is to provide an optimisation tool which can be
adapted to different applications and the cost functions are arbitrarily chosen.
When the method is tailored for a specific application, the cost functions can be
formulated by the designers accordingly. In this case, the cost functions chosen
14
Figure 6: Wave numbers of the numerical analysis of the beam with geometric characteristics
given by the optimal parameters. The shaded area represents the band gap.
for the examined structure lead to the objective function (SI units are used
during the optimisation):
F (p) =3.167× 105 ×m3 − 9.890× 103 ×m2 + 1.503× 102 ×m− 0.4573
− 3.701× 10−6 × b s3 + 1.743× 10−3 × b s2 − 2.046× 10−1 × b s
+ 8.102− 3.214× 10−9 × b g3 + 1.870× 10−5 × b g2
− 2.970× 10−2 × b g + 15.314 + 1.358× 10−11 × b g3m f
− 6.296× 10−8 × b g2m f + 2.630× 10−4 × b gm f + 8.642× 10−2,
(25)
where the gradient of F (p) is
∇F (p) =
{
∂F (p)
∂tst
∂F (p)
∂ltop
}T
. (26)
The optimisation is calculated using several starting points with steps of 2 mm145
and together with the parametric analysis results we consider this as the optimal
design (see Fig. 8). The optimal values of the parameters are found to be:
ltop = 5 mm and tst = 19.8 mm, which gives: b g = 920 Hz, b gm f = 6 950 Hz,
m = 24.4 g and b s = 44 Nm2 (of the stiffener). The propagating wave numbers
for the optimal design are shown in Fig. 6, where the absolute band gap is150
observed.
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3.2. Parametric analysis of the hybrid structure
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Figure 7: Parametric analysis results of further cases with tst out of the optimisation limits,
tst ∈ [0.021 m, 0.030 m] and ltop ∈ [0.005 m, 0.025 m].
A parametric analysis is performed to examine the effect of the two design
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Figure 8: Objective function of the optimisation as calculated using the parametric analysis
results (tst ∈ [0.005 m, 0.030 m] and ltop ∈ [0.005 m, 0.025 m]).
variables on the band gap behaviour of the structure. For this reason, sev-
eral solutions are acquired between the optimisation procedure limits (ltop ∈155
[0.005 m, 0.025 m] and tst ∈ [0.005 m, 0.020 m]), with a step of 0.001 m between
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Figure 9: Relation of the optimised variablesm, b s, b g and b gm f with regards to parameters
tst and ltop (tst ∈ [0.005 m, 0.030 m] and ltop ∈ [0.005 m, 0.025 m]).
the solutions. It is observed that between tst = 0.008 m and tst = 0.017 m,
there is no significant band gap (b g < 200 Hz). In view of this observation, a
further parametric analysis is completed; this time examining design variables
tst ∈ [0.021 m, 0.030 m] and ltop ∈ [0.005 m, 0.025 m]. In Fig. 7, it is shown160
that for a given tst, as ltop is increased, the band gap mid-point frequency is
increased; however, the band gap width gets smaller. On the other hand, for a
given ltop, we see the band gap increasing and its mid-point frequency staying
almost constant; but this behaviour changes after a specific value of tst (which
varies) and both band gap, and its mid-point frequency, decreases. Having ac-165
quired full solutions in parametric analysis, a graph of the cost function’s values
(Eq. (25)) is generated (see Fig. 8). It is observed that the result of the opti-
misation lies on the area that includes the global optimum. It is noted that the
values of the objective functions that are larger than 20 are the cases for which a
very narrow band gap is observed. This becomes apparent in Fig. 9, where the170
relations between the optimised variables m, b s, b g and b gm f with regards to
parameters tst and ltop are presented. In these graphs, it can also be observed
that there are several combinations of tst and ltop which lead to significantly
wider band gaps at lower frequencies but with much higher mass, compromis-
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ing the objective function outcome. This behaviour highlights the significance175
of the cost functions and the designers’ input during the design of a structure
which may aim for higher band gap without penalising the additional mass re-
quired. Furthermore, additional options can be added to the methodology so
that Pareto fronts are calculated, offering the designers numerous alternative
solutions.180
4. Finite element analysis and experimental results
FE harmonic analysis is undertaken using the same FE model as that for
the unit cell of the wave propagation analysis and examining three different
lengths of the hybrid beam. Previous research on bang gap behaviour of peri-
odic structures has shown that the effect of the number of the unit cells must be185
considered. Jensen [43] showed analytically that the level of vibration attenua-
tion depends on the number of unit cells; an effect that was also demonstrated
experimentally elsewhere [44]. More specifically, it was shown that the band gap
becomes more distinguishable (meaning the vibration attenuation is higher) as
the number of unit cell repetitions increases. To check this behaviour in the spe-190
cific case study, FE models with 468 8-node hexahedral elements per unit cell
and for three different cases are examined: 5-cell, 10-cell and 15-cell beams. In
Fig. 10, a representation of the simulation of the experiment for the 5-cell case
is shown, where the excitation and response locations can be seen (no bound-
aries were applied). Similar conditions are used for the 10- and 15-cell case195
simulations, with the excitation force always applied on one edge of the carbon
fibre strip and the response is measured on the top of the stiffener, on the other
end. The results are shown in Fig. 11, where the effect of the number of the
unit cells on the vibration attenuation of the band gap can be observed.
The geometry resulting from the optimisation process is manufactured and200
dynamically tested (Fig. 12) to validate the FE analysis results. A 5-cell beam
is preferred, due to the limitation of the mass of the specimen that the shaker
can excite and on the AM machine production size. It is noted that the exper-
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Figure 10: Representation of simulation of the experiment.
Figure 11: FRF of FEA of hybrid composite beam with: (-.) 5 unit cells, (–) 10 unit cells, (-
-) 15 unit cells. The shaded area represents the numerically calculated band gap.
imental results do not include the band gap observation due to an insufficient
number of the unit cells. An electrodynamic shaker (TBS K2007E1) is used to205
excite the specimen between 1 kHz and 8.5 kHz, with the signal produced and
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analysed by a Polytec VIB-E-400 Junction Box using a fast Fourier transform
(FFT). A single point laser vibrometer (Polytec PDV-100) is used to measure
the displacement at several points on the specimen (Fig. 13). An impedance
head (PCB 288D01) is mounted on one edge of the specimen and provides the210
measurement of the input force on the mounting point of the specimen. The
impedance head is then bolted on to the moving head of the shaker. The shaker
is mounted on an aluminium rig, designed specifically for vibration experiments.
As can be seen in Fig. 13, the points’ number is indicative of the unit cell’s
repetition.
Figure 12: Experimental setup of the vibration testing.
215
In Fig. 14 to Fig. 16, the results for several points along x-axis are shown. The
frequency response function (FRF) graphs of the experimental and FE results of
the three points show convergence, with minor deviations in some high frequency
resonant modes. Point 1 (Fig. 14) has the most significant deviations, while
point 3 (Fig. 15) and point 5 (Fig. 16) exhibit better convergence with the220
FE results. The highlight of the experimental results is the absence of resonant
modes in the calculated band gap area, as it is expected from a band gap
structure. Nevertheless, as discussed above, 5 cells are not sufficient to make
the vibration attenuation distinguishable in this frequency band.
20
Figure 13: The points at which the FRF graphs are presented.
Figure 14: Experimental and FEA results of the FRF of point 1 where (–) is FRF of experi-
mental results and (- -) is the FEA results.
21
Figure 15: Experimental and FEA results of the FRF of point 3 where (–) is FRF of experi-
mental results and (- -) is the FEA results.
Figure 16: Experimental and FEA results of the FRF of point 5 where (–) is FRF of experi-
mental results and (- -) is the FEA results..
5. Concluding remarks225
In this work, an efficient multi-objective scheme using scalarisation is pre-
sented for optimising the static, dynamic and mass characteristics of a one-
dimensional composite structure having an additive manufactured stiffener. Ad-
ditionally, an experimental evaluation of the FE model of the case study is
22
presented. The presented computational scheme gives the ability to adapt the230
optimisation criteria to specific applications. Furthermore, a parametric anal-
ysis is completed offering a valuable insight of the stop band behaviour of the
structure with regards to the parameters.
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Appendix A. Optimisation calculations
Figure Appendix A.1: Pyramid frustum (left) and trapezoid (right).
Further calculations used in the optimisation of the band gap behaviour
of the beam are presented in this section. For the calculation of the mass
23
m = mst the formulae for volume calculation of a frustum of a pyramid and
of a trapezoidal structure are used, so that mst = ρPA12(2Vtr − Vfr), where
Vtr = Lx(lbot + ltop)
tst
2 and Vfr =
tst
3 (B1 + B2 +
√
B1B2) (see Fig. Appendix
A.1 for labels, were B1 and B2 are the bottom and top areas of the frustum,
respectively). The mass of the stiffener mst and its partial derivatives in terms
of the parameters, tst and ltop, are calculated as follows:
mst = tstρp[Lx(ltop + lbot)−
l2bot + l
2
top + lbotltop
3
], (A.1)
∂mst
∂tst
= ρp[Lx(ltop + lbot)−
l2bot + l
2
top + lbotltop
3
], (A.2)
∂mst
∂ltop
= ρptst[Lx − 2ltop + lbot
3
]. (A.3)
The bending stiffness of the stiffener b s, along with its partial derivatives are
given of the following equations:
b sst = Ept
3
st
3ltop + lbot
12
, (A.4)
∂b s
∂tst
= Ept
2
st
3ltop + lbot
4
,
∂b s
∂ltop
=
Ept
3
st
4
. (A.5)
Appendix B. Undamped system
The homogenous equation in the reduced set of degrees of freedom for un-
damped system is given by [
K′ − ω2M′
]
q = f, (B.1)
The partial derivative of the eigenvalue is
∂λi
∂βi
= xT
(
∂K
∂βi
− λi ∂M
∂βi
)
x. (B.2)
For the global matrices we have:
∂λi
∂βi
= xT
(
RH
∂K
∂βi
R− λiRH ∂M
∂βi
R
)
x. (B.3)
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